Abstract-The quality of a computational mesh is an important characteristic for stable and accurate simulations. Quality depends on the regularity of the initial mesh, and in mechanical simulations it evolves in time, with deformations causing changes in volume and distortion of mesh elements. Mesh quality metrics are therefore relevant for both mesh personalization and the monitoring of the simulation process. This work evaluates the significance, in meshes with high order interpolation, of four quality metrics described in the literature, applying them to analyse the stability of the simulation of the heart beat. It also investigates how image registration and mesh warping parameters affect the quality and stability of meshes. Jacobian-based metrics outperformed or matched the results of coarse geometrical metrics of aspect ratio or orthogonality, although they are more expensive computationally. The stability of simulations of a complete heart cycle was best predicted with a specificity of 61%, sensitivity of 85%, and only nominal differences were found changing the intra-element and per-element combination of quality values. A compromise between fitting accuracy and mesh stability and quality was found. Generic geometrical quality metrics have a limited success predicting stability, and an analysis of the simulation problem may be required for an optimal definition of quality.
I. INTRODUCTION
T HE FIELD of computational physiology has made significant progress over the last decade. These advancements are particularly important in the domain of cardiac electromechanics [20] , primarily as an aid to clinicians in predicting cardiac outcomes but also in patient selection for such procedures as cardiac resynchronization therapy [11] , [16] . However, a number of challenges remain for the effective clinical translation of these modeling techniques, particularly with regard to model customization. Customization of computational models involves two components: capturing the patient-specific anatomy of interest and estimating the parameters of the constitutive biophysical laws that govern the equations of the model. This paper focuses on the first aspect of customization by building high order interpolation meshes used for mechanical simulations.
Computational meshes define the geometric representation of patients' anatomy, providing the domain for solving the mathematical description of physiological processes. These meshes have to satisfy two main requirements: they should accurately represent the anatomy, and they should be a robust and stable scaffold for simulations. The quality of a mesh can be a good indicator of the stability of a numerical computation by measuring the regularity of its constitutive elements. Some quality metrics previously proposed include aspect ratio, skewness or the ratio of determinant of the Jacobian [17] , [1] , [5] . The significance of mesh quality metrics is well accepted in linear tetrahedral meshes [18] . However, research is still needed to define quality metrics for high order interpolation meshes, which are a popular choice for the simulation of heart mechanics [8] , [11] , [23] due to their efficiency, smoothness, and improved accuracy [13] , [26] .
Customization of a computational mesh can use image registration techniques to assess the warping field between the template and patients' anatomy [2] , [4] , [6] , [19] , [10] . The fitting accuracy and quality of the resulting mesh are dependent on the characteristics and performance of the image registration method. Therefore a desirable characteristic in the formulation of a registration problem is the inclusion, not only of a similarity metric, but also a mesh quality metric to be optimized. Quality metrics are relevant, not only for the personalization of computational meshes, but also to monitor the simulation process and trigger remeshing techniques.
In this paper, we investigate the relationship between theoretical quality metrics and empirical stability of the simulation of the beating heart with high order cubic Hermite meshes. Additionally, in order to understand the process of mesh personalization, we study how the quality and stability of a mesh is affected by the selection of image registration parameters in an automatic personalization process [10] , and we propose a set of mesh quality thresholds. 
II. METHODS
A comparison between empirical stability results and theoretic quality metrics is performed. A population of 891 cardiac meshes with different degrees of personalization, corresponding to 11 different anatomical cases, are built, and their theoretical quality characterized with five metrics. Using these meshes an empirical stability study is performed by the simulation through both an extreme inflation and a complete heart cycle. A schematic diagram of the workbench and methods is shown in Fig. 1 .
A. A Testbed of Meshes With Varying Degree of Personalization
The 11 MRI images used in this study were acquired from patients with heart failure in St. Thomas' Hospital, London. Image resolution was nearly isotropic in cases 1-8, but cases 9-11 had a big slice thickness typical from short axis dynamic acquisitions. This variety of image resolution was taken on purpose to account for the range of availability of imaging data in the clinic.
The myocardium was segmented from these images using a semi-automatic procedure using the level-set functionality of the ITK-Snap tool [25] . Image registration was applied to determine the warping field between patient's anatomy and a cubic Hermite template (see Appendix). This field is then used to deform the template to produce a personalized mesh for the simulations. A population of meshes from the anatomy of the 11 patients was generated varying a set of personalization parameters.
The level of detail in which the anatomy is captured depends on the resolution of the medical image. Three versions of the original images are created with subsampling factor 1, 2, and 4. Mesh detail is also determined by the number of degrees-offreedom set in the registration technique employed. Different versions of the warping field are created with a choice of three spacings between the hexahedral grid of control points of the registration technique [2] : 2, 4, or 8 voxels.
A fast and robust binary image registration technique described in [2] is chosen for this study. This technique does not enforce a diffeomorphic characteristic in the warping field, a property to ensure that the field does not fold back on itself and leads to potentially unstable meshes with negative differential volumes (negative determinant of the Jacobian of the transformation from local to global coordinates). Nevertheless, this registration technique enforces a constraint of smoothness in space [2] . The concatenation of registration passes, when this smoothness constraint is reset, increases the accuracy of the fit, but has the risk to lead to the warping field folding back on itself. Therefore, different versions of the warping field are created with the concatenation of 2, 4, or 8 registration passes. The choice of a nondiffeomorphic method is made motivated by the aim of exploring a wide range of mesh characteristics, including the potentially problematic cases.
Finally, three techniques are used to warp the template mesh. is a nodal technique which independently transforms each node of the mesh based on the local warping field surrounding each node [6] , [10] . The other two methods are based on a projection of the warping field into the degrees-of-freedom of the mesh using a variational technique [10] .
performs this process, and introduces the assumption that the mesh has no second versions of the derivatives at the RV-septum junction in an attempt to minimize the stability issues of this region.
As a result, 891 meshes of the same topology (see Appendix) were created from 11 different patients, three image subsampling factors , three numbers of registration passes , three spacings between control points in registration , and three warping techniques . Six of these meshes with two levels of detail are illustrated in Fig. 2 . In all cases, a generic fiber field was introduced into the model geometry, following the experimental findings by Usyk et al. in [21] . All meshes were also postprocessed after personalization in order to have a flat surface at the base of the heart, a condition required for the definition of boundary conditions in simulations.
B. Score for Mesh Fitting Accuracy
Meshes have a varying level of fitting accuracy, depending on the choice of personalization parameters ( , and , see Fig. 1 ). Fitting accuracy was evaluated by measuring the error between the segmented image and the mesh. This error is defined in (1) as the Euclidean distance, expressed in mm, from the nodes of the isosurface of the binary image to the closest point of the external surface of the cubic Hermite mesh . Error was integrated over the surface of the mesh using Gaussian quadrature as described in [10] (1)
A fitting accuracy score between and 1 is defined for the clarity of results. This score is a linear inverse relationship to error, setting the null accuracy for meshes that have an average error of 3 mm (2)
C. Relative Mesh Quality Metrics
Four mesh quality metrics are selected from the literature for this study, aspect ratio , orthogonality , condition number , and Jacobian ratio [1] , [5] , [17] . Additionally, a directional Jacobian ratio is proposed, where the homogeneity of the element Jacobian is calculated in the plane where the deformation is expected to be biggest. These five metrics are considered relative to the quality of the reference synthetic template (see Appendix), measuring the degradation of a very robust template produced by the personalization process.
All quality quantities are obtained per each element, and the final metrics are calculated as the average value of the 126 elements in each mesh. The implications of this choice of the average, instead of the minimum in order to capture the most problematic element, are analyzed in the results section. and are evaluated in the nodes of the mesh, and the rest of the metrics in a set of samples (Gauss points) through the domain, as illustrated in Fig. 3 .
characterizes the stretching of an element with respect to a linear hexahedral, and is evaluated on each element by (3) where is the set of distances between all pairs of nodes of an hexagonal element.
conceptualizes how close the angles between adjacent element faces or edges are to an optimal square angle in an hexahedral. Given a cubic Hermite element with local finite element coordinates and global coordinates , orthogonality is evaluated at each node of the mesh, and an average is calculated for each element (4) (5) and Jacobian ratio evaluate the Jacobian determinant through the element (the set of 125 Gauss points evaluated are represented in (c). The directional Jacobian is an adaptation of , but only assessing the homogeneity in a given plane of the volume element (illustration of the 25 Gauss points of a surface in (d).
The rest of the quality metrics are based on the Jacobian matrix of the transformation from local to global coordinates, which is represented mathematically as (6) The condition number of the Jacobian matrix is defined as (7) where the Frobenius norm of a matrix is defined as The Frobenius norm is nondimensional and symmetric. measures the distance from the matrix to a set of singular matrices.
so minimizing means maximizing which means theoretically maximizing the distance to the set of singular matrices or a matrix with zero determinant [9] .
evaluates in the set of quadrature points within each element, and takes the lowest (worst) value (8) where represents the discrete set of quadrature points within an elemental volume (see an illustration in Fig. 3 ). The determinant of the Jacobian matrix is the volume differential, and characterizes the homogeneity of this determinant in an element by (9) An extension of this concept is to compute this ratio, not in the entire volume of an element, but in a set of surfaces oriented in a preferred direction. The rationale for this definition is the observation that sometimes the ideal element is not a regular one, but an elongated and oriented element in an appropriate direction depending on the nature of the interpolated function and the problem solved by the finite element method [18] . In our cardiac problem, we explore this by taking the anatomically oriented surface where the biggest magnitude of strain is expected, that is, the surface defined by the radial and circumferential directions [24] . A directional Jacobian, , is therefore defined as (10) where represents the discrete set of quadrature points within an elemental surface with a constant longitudinal material coordinate.
D. Empirical Scores From Mechanical Simulations 1) Mathematical Model:
Deformation is described by determining a solution to the finite elasticity equations [12] based on large deformation theory, with the assumption of incompressibility, to describe the deformation of cardiac tissue. For any volume (11) (12) where is the pressure applied to the surface is the deformation gradient, and are the deformed and undeformed global coordinates, respectively, and the second Piola-Kirchoff stress tensor is defined by (13) where is the hydrostatic pressure, describes active contraction, , and are measures of strain, and is the strain energy function given by a constitutive law.
The passive material properties of the model were defined by a orthotropic hyperelastic constitutive law. The constitutive law, aligned to the underlying myocardium microstructure defined by the fiber and sheet orientation, is given by the Costa law [7] as (14) where are the Green strain tensors in the fiber sheet and sheet normal direction. The material parameters define the anisotropy of the muscle. The values, based on data given in [15] , are , and . The active tension component is driven by activation times from a previous electrophysiology simulation. In order to reduce the computational burden, and to gain independence of results with respect to the electrophysiological problem, one single set of simulated activation times, which are computed in one case following the methods described in [11] , is mapped to all cases through the correspondence of local material coordinates (all meshes share the same topology).
The boundary conditions applied to the simulations were to restrict any free body rotation or translation of the ventricular model. The nodes of the base of the heart, flatened after the personalization, were fixed in the apex to base direction (only displacements in the basal plane were enabled). Besides, one of these nodes was completely fixed, and a second one was constrained to have only radial displacements. A Windkessel relationship describes the dynamics of the systemic and pulmonary circulation in the cardiac cycle [22] . 
2) Computational Simulations and Stability Scores:
Two different scores are defined from two separate mechanical simulations. We first performed passive inflation of the heart, up to the extreme pressure of 10 kPa (see Fig. 4 ), and measured the maximum left ventricular pressure reached before a simulation crash (did not converge to any solution) as an indicator of empirical stability of the mesh.
The second test simulated a complete cardiac cycle involving diastole starting with inflation up to 1.4 kPa, followed by isovolumetric contraction, ejection, and finally completing a cardiac cycle with an isovolumetric relaxation. This protocol is prepared with a set of simulation steps (each of them with an increment of inflation pressure, of the active tension, etc.) until the cardiac cycle is completed. The empirical score of stability for this test is defined as the maximum step completed before the simulation crashed. The final scores in both tests are normalized by the total number of steps in simulations, leading to an index that ranges from 0 (no single simulation step completed) to 1 (all steps completed).
III. RESULTS
An exploratory overview of the distribution of quality metrics and stability scores is provided in Fig. 5 .
A. Predictability of Stability From Theoretical Metrics
The capability of a quality score to predict a complete success or not of the simulation is evaluated with a receiver operating characteristic curve (ROC). The almost dichotomous distribution of the stability scores (see Fig. 5 ) justifies the choice of this test, and discourages the use of more general tools like the correlation factor. Stability scores and are therefore converted into a binary distribution, ranking them as 1 (complete success) or 0 (not complete success). A ROC curve leads to two measures of the performance of a classifier: the areas under the curve (AUC), and the optimal operator point in this curve that defines the sensitivity and specificity. Note that an AUC of 1 is a perfect classifier, and that a value of 0.5 is the performance of a random process of flipping a coin.
AUC ranges from a quite poor performance, 0.57 for the pair -, to a fair performance, 0.90 for pair -. The ROC curves (see Fig. 6 ) report a much better performance of the quality metrics when predicting (AUC minimum value of 0.83) than when predicting (maximum AUC value of 0.73). Jacobian based metrics ( to ) generally outperformed the use of aspect ratio in both stability tests, and only in when compared to the orthogonality . . The performance is evaluated by the AUC of a ROC curve. Case 10 has no result for because all 81 meshes failed to complete this full heart cycle simulation, the isovolumetric relaxation phase was specially challenging for this case. Fig. 8 . Comparative performance of the quality metrics defined with either a mean or a minimum value of the per-element quality values. Performance is evaluated by the AUC of the ROC analysis, for both simulation tests . Fig. 7 shows a relative dependence on the specific anatomical case under study, with the magnitude of this difference potentially being significant. The limited number of meshes per anatomical case (81) limits the statistical power of these individual scores.
B. Metrics Defined by an Average or a Minimum: Comparative Performance
All quality measures described are defined per element, and the choice of the average or the worst element for the definition of the mesh quality metric is analyzed here. Fig. 8 illustrates how this choice does not introduce a significant change in the performance of the quality metrics despite the substantial difference in their magnitude (compare the distribution of quality values for the two definitions, with the average or the minimum value, in Fig. 5 ).
C. Effect of the Personalization Parameters in Mesh Stability and Fitting Accuracy
The evaluation of mesh quality, stability and fitting accuracy with different choices of the four personalization parameters is illustrated in Fig. 9 . This figure shows how a more detailed model capturing the anatomy decreases both the theoretical quality metrics and the empirical stability scores. Fig. 9 also reflects how this compromise between accuracy and quality/ stability strongly depends on the case under study: case three achieves good performance in both accuracy and quality/stability ( , average , average ), but case 6 shows quite poor results ( , average , average ). Fig. 10 further quantifies the general trend illustrated by these two specific examples. Results analyzing this relationship for all cases indicate that the accuracy metric is not able to predict simulation stability, with an AUC close to 0.5.
A set of ANOVA statistical tests were performed in order to quantify the significance of the differences in fitting accuracy, quality metrics and empirical scores depending on the choice of personalization parameters. Table I shows the results of this analysis, indicating how subsampling and node spacing ( and ) had a strong influence in the theoretical metrics ( in all ). The other two parameters, number of registration passes and warping technique ( and ) do not have this clear behavior, and only reflects this dependence. On the other hand, the empirical indices, also show a weak dependence on the personalization parameters, being the main determinant.
D. Quality Thresholds for High Order Interpolation Meshes
All the results provided so far were an analysis of the relative quality metrics with respect to the initial template used in the personalization process. In an attempt to generalize the results, absolute threshold values of mesh quality are provided. The results (see Fig. 6 ) are further analyzed, and the optimal operating point is found, which defines the threshold of each of the relative quality metrics. The absolute value of these relative metrics are simply obtained by multiplication to the quality metric of the template. Results are provided in Table II .
Results from the simulation of the whole heart cycle, , are more significant than an extreme inflation, , and reported the best results of the optimal operating point despite had the best AUC, see Fig. 6 .
IV. DISCUSSION
Quality metrics of high order computational meshes were able to predict the stability of simulations with a limited success. The condition number, , showed the best performance, with a specificity of 61% and sensitivity of 85% when predicting the stability of a whole cycle, , see Table II .
The definition of a quality metric for a high order mesh entails a set of choices that have potentially important implications. As with linear meshes, the quality of a mesh is a combination of the individual element qualities, and this is traditionally formulated as an average or as a minimum value. Nevertheless, high Fig. 9 . Fitting accuracy, quality metrics and empirical scores with the different choices of each of the four personalization parameters, and differences depending on the patient case. All scores (Y axis, see legend) are plotted from 0 to 1. Evolution from a coarse to detailed personalization depending on each parameter is illustrated from left to right in each plot, and it illustrates the compromise between fitting accuracy and stability. Fig. 10 . Receiver operator characteristic curves of the variable accuracy used as predictor of the success of the two simulation tests in the 891 meshes under study. The AUC is very close to 0.5, the performance of a random classifier.
order meshes require the additional choice of how to sample the continuum inside each element (see Fig. 3 ). The comparison of quality metrics defined as an average or a minimum of the per-element quality values reported nominal differences (see Fig. 8 ) despite a significant difference introduced in the distribution of the quality values (see Fig. 5 ). Similar nominal changes were observed with the definition of a directional Jacobian ration when compared to the conventional . The difficulty in predicting stability might therefore be mainly caused by the fundamental definition of quality, and not by how the per-element or intra-element quality metric is computed.
Quality metrics based on the Jacobian of the transformation from local to global coordinates, -, outperformed or matched the other two metrics in predicting the stability of simulations (see Fig. 6 ). Jacobian based metrics are nevertheless significantly more expensive computationally and, if optimized during an image registration procedure, this may be a critical factor. The differences between to were not significant, and showed the best specificity and sensitivity. The rationale for is based on the concept of matrix conditioning, a numerical property of the problem being solved [9] , which is nevertheless dependent on the problem definition [18] . Our attempt to characterize the regularity of the mesh in a preferred direction of deformation of cardiac meshes with oriented elements, , did not improve the results. The optimization of the definition of quality may thus require a more insightful analysis of the mechanical problem, incorporating the directional information in the solution error to generate anisotropic elements as described in [14] .
The big variability of results depending on the specific anatomy of the case under study has been an unexpected result. A fundamental difference between cases 1-8 and 9-11 was the amount of anatomical information available. Only seven short axis slices from dynamic MRI were available for the second group (very low resolution in longitudinal direction), whereas the first group had anatomical images with nearly isotropic voxel resolution. The short axis cases were personalized in a coarser fashion, and this consistently led to meshes with worse fitting accuracy but better stability and quality scores (see Fig. 9 ). Despite this fundamental difference, the predictability of stability metrics in the two groups was quite similar (see Fig. 7 ).
The analysis of four factors in an image-based personalization process reveals the compromise between fitting accuracy and mesh theoretical quality and empirical stability. Fig. 2 illustrates how highly accurate fitting decreases quality metrics, for the reasons that more skewed and deformed elements are needed to capture anatomical details, and these irregular elements are, in turn, more likely to lead to simulation instabilities (reaching lower stability scores, see Fig. 9 ). On average, the resolution of the medical image, , and of the grid of control points that parameterize the warping field, , are the most relevant factors for fitting accuracy, stability and quality (see Fig. 9 and Table I ).
does not significantly increase fitting accuracy, but it causes a drop of stability, which suggests that the combination of registration passes and the reset of the smoothness constraint is not a good strategy to better capture the anatomy. A similar observation can be made with , which suggests that a nodal warping technique is more suitable than a variational one for the mesh resolution used in this study. Note that for coarser meshes with bigger elements, a variational technique will be needed to achieve accurate results [10] . Also note that the compromise between fitting accuracy and quality/stability depends on the geometrical fitting challenge that each case entails, as represented in the variety of results per case in the top left panel of Fig. 9 . Two important additional factors, not included in the experimental design of this study, contribute to this geometrical fitting challenge: the suitability of the choice of the template mesh, and the initial affine alignment.
Quality thresholds for the cardiac biventricular topology have been provided in Table II . They can be directly used to check the quality of the result of a personalization process, or to define weighting factors in the functional to minimize during the registration process. Traditionally, a Jacobian ratio threshold is set at 0.5, and the threshold of this cardiac topology was set to 0.33 (see Table II ). The reason for this drop is the presence of collapsed elements, which have very low values of quality. The topology of the cardiac mesh has a total of 18 collapsed elements in the apex (see Appendix), which were not a cause of lack of convergence of the solution in many of the simulations. The definition of quality metrics in collapsed elements might need to be adapted and account for this kind of behavior.
Among the limitations of this study, it is important to mention that stability of cardiac simulations is a complex problem, highly dependent on many aspects including constitutive parameters, numerical methods, boundary conditions, etc. This study has been designed to isolate and characterize the influence of the structure and quality of the mesh under deformation. The same simulation protocol has been reproduced for 11 different cases in which the level of geometrical personalization of the computational mesh was the only variable altered. All changes in stability could be attributed to this factor, but it cannot be neglected the possible interaction between any of this aforementioned factors with the geometry. As an example, the definition of fiber orientation in our protocol is implicitly dependent on the geometrical mesh, since the elevation angle is defined with respect to the unitary vector in local circumferential direction. Therefore, the more intricate the mesh results are after personalization, the more irregular this fiber definition will be.
The simulation of mechanical activity on a biventricular human geometry contains inherent complexities. A similar analysis of quality metrics with respect to mechanical simulation on a simplified geometry, such as a cube or a cylinder, could have produced different results. The rationale behind choosing an intricate biventricular geometry is that the requirement for such a study in the context of cardiac electromechanical simulation with potential applications in clinical studies.
Another limitation of this study has been an unsuccessful search for definitive causes of instability despite significant efforts to identify individual problematic elements or anatomical regions. This study should therefore be complementary to a formal mathematical analysis of the conditioning of the stiffness matrix, which depends on the problem defined, as discussed in length in [18] .
In future we aim to test the generality of findings, to check whether a similar predictability is also observed in other bio-mechanical problems. Secondly, we aim to further develop the idea of using a priori knowledge of the expected mechanical deformations in order to identify the mesh characteristics that are relevant to the stability of simulations. The findings of this work can be applied for the definition of relevant quality thresholds to trigger remeshing mechanisms, and for the choice of the most suitable quality metric to be embedded into registration algorithms.
APPENDIX CARDIAC CUBIC HERMITE MESH TEMPLATE
Cubic Hermite meshes are used in this study. These meshes have continuity on the boundary between adjacent elements because they share nodal both nodal coordinate values and derivatives. The biventricular anatomy of the heart is represented with a structured mesh of 126 cubic Hermite elements (nine in the circumferential, two in the radial, and seven in the apex to base directions) and 201 nodes.
The template is synthesized with ellipsoidal shapes created for both the right and left ventricle, see an illustration in Fig. 11 . Collapsed elements are used in the apex of the left ventricle (a collapsed element is an element hexahedron which collapses into a triangular prism). The three nodes of the apex have the derivative degrees-of-freedom disabled, having only continuity. The anatomical discontinuity at the crest of the right ventricle (RV), the joint between the septum and RV, is modelled with second versions of the derivatives at the nodes located at the endocardial junction of these two anatomical regions (a total of nine nodes have second versions of the 21 degrees-of-freedom corresponding to the derivatives). Note that the shape of the RV crest is squared, a consequence of the choice of a structured mesh, which is not completely anatomically correct (the crest is approximately an ellipse [3] , not a rectangle).
The reader is referred to [6] and [10] for a more detailed description of cubic Hermite meshes.
